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Abstract

Estimating the parameters of a dynamical system based on measurements is an important

task in industrial and scientific practice. Since a model’s quality is directly linked to its param-

eter values, obtaining globally rather than locally optimal values is especially important in this

context. In practice, however, local methods are used almost exclusively. This is mainly due

to the high computational cost of global dynamic parameter estimation, which limits its appli-

cation to relatively small problems comprising no more thana few equations and parameters.

In addition, there is still a lack of software packages that allow global parameter estimation

in dynamical systems without expert knowledge. Therefore,we propose an efficient computa-

tional method for obtaining globally optimal parameter estimates of dynamical systems using
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well-established, user-friendly software packages. The method is based on the so-called incre-

mental identification procedure, in combination with deterministic global optimization tools

for nonlinear programs.

Introduction

Mathematical models giving accurate predictions of physical phenomena are essential tools in en-

gineering and scientific fields. In chemical engineering, such models form the basis for the design,

optimization and control of process systems.1 However, these models often contain adjustable

parameters (semi-empirical models), the values of which are to be determined from available ex-

perimental data to yield accurate predictions. In many cases, the task of parameter estimation is

rendered more complex by using models that are comprised of mixed sets of nonlinear differential

and algebraic equations (DAEs).

Traditionally, parameter estimation is performed following a maximum likelihood approach,

where the objective typically is to minimize the weighted squared error between a set of measured

data and corresponding model predictions. Early attempts to solve such problems in a systematic,

computationally tractable manner using local search methods can be traced back to the 1960s.2,3

Both, thesequentialandsimultaneousapproaches of dynamic optimization have been widely stud-

ied in this context. In the sequential approach, an integration routine is used to determine the state

values for a given set of model parameters, which in turn allows for the evaluation of the objec-

tive function and its derivatives in a master nonlinear program (NLP). One such implementation

has been reported by Kim et al.4 and this is also the approach implemented in process simulation

software such asgPROMS5 andJACOBIAN.6 Multiple shooting methods are a robust alternative

within the sequential approach and have successfully been applied by various authors (see for in-

stance the works by Bock,7 Lohman et al.8 or Peifer and Timmer9). In the simultaneous approach,

on the other hand, the dynamic system is converted into a set of algebraic equations, which are

solved along with the model parameter values in a large-scale NLP. This approach has for instance

2



Claas Michalik et al. Incremental Global Parameter Estimation

been employed by Van Den Bosch and Hellinckx10 and Tjoa and Biegler.11

A common limitation of the aforementioned approaches is that they can, at best, achieve con-

vergence to a local minimum since they rely on local search methods. This deficiency to converge

to a global minimum may have dramatic consequences. In the context of reaction kinetics, for

instance, getting a bad fit may lead to the erroneous conclusion that a proposed kinetic model

yields an incorrect description of the chemistry based onlyon the knowledge of a local minimum;

12 in other words, only a global minimum allows one to conclusively determine whether or not a

proposed model is inconsistent with a set of experimental data.

To increase the likelihood of finding a global minimizer, both stochasticand deterministic

global optimizationhave been developed. Stochastic search methods rely on probabilistic ap-

proaches.13,14 They are usually quite simple to implement and their efficiency has been demon-

strated on many applications. Yet, they cannot guarantee locating a global solution in a finite

number of iterations; see, e.g.,15 for a recent comparison of various global optimization methods

in parameter estimation of biochemical pathways. Deterministic methods, on the other hand, can

provide a level of assurance that the global optimum will be located in finite time.16 These sound

theoretical convergence properties have stimulated the development of deterministic global opti-

mization for problems with embedded differential equations.12,17–21Briefly, a standard branch-

and-bound (B&B) algorithm is employed to converge to the global solution by systematically

eliminating portions of the feasible space; this is achieved by solving a sequence of upper- and

lower-bounding problems on refined sub-partitions; the proposed approaches mostly differ in the

derivation and solution of the lower-bounding problems. Although tremendous progress has been

achieved in recent years, global dynamic optimization methods are currently limited to problems

containing no more than a few decision variables; from a computational viewpoint, B&B meth-

ods indeed exhibit worst-case complexity that is exponential in the number of decision variables.

Moreover, still no general method has been proposed to rigorously address problems with DAEs

embedded.

All of the foregoing parameter estimation approaches (be they local or global) fall into the
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scope ofsimultaneousidentification (also calledintegral method), in the sense thatall the ad-

justable model parameters are estimated simultaneously. Note that these approaches give statisti-

cally optimal parameter estimates in a maximum likelihood framework.22 Recently, the so-called

incrementalapproach for model identification has been introduced by Marquardt and cowork-

ers.23,24 The key idea therein is to follow the steps that are usually taken in the development of

model structures, thus yielding a sequence of algebraic parameter estimation problems, which are

simpler than the original differential problem; note that there is a relation to the well-knowndif-

ferentialmethod of parameter estimation in kinetic models.25 Although incremental identification

approaches do not share the same theoretical properties as simultaneous methods, namely they are

neither unbiased nor consistent,22 their major advantage lies in the computational ease. Moreover,

comparisons have indicated that good results can be obtained provided that sufficient care is taken

during the estimation.23

This paper proposes a novel methodology for parameter estimation in dynamical systems.

Building upon the incremental identification method, the original problem is split into separate

steps, each of which yields an algebraic estimation problem. The contribution of this paper is

twofold. First, the incremental approach is extended to encompass general parameter identifica-

tion problems in DAE systems, i.e., not necessarily reaction kinetic models. Second, deterministic

global optimization is used in a systematic way for solving the (potentially nonconvex) algebraic

estimation problems, hence the nameIncremental Global Parameter Estimation(IGPE). Note that

efficient global optimization software, such asBARON,26 has indeed become available during the

last decade for the solution of algebraic problems. The mainadvantage of IGPE, as compared to

simultaneous global optimization, lies in a significant decrease of the overall computational time.

The major drawbacks on the other hand are, that (i) the methodrelies on the availability of suf-

ficiently rich measurement data and that (ii) the global solution in the incremental approach will

generally be different from the global solution in the simultaneous approach in the presence of

measurement noise. However, the incremental solution can be used as a starting point in a lo-

cal simultaneous estimation problem. In particular, our experience is that this heuristic procedure
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typically yields the global solution to the original problem.

The remainder of the paper is organized as follows. The general problem formulation is given

in Section 2. The proposed IGPE approach is presented in Section 3. A case study illustrating

the various steps of the IGPE approach is then detailed in Section 4. The application of IGPE to

test problems from the literature is reported in Section 5. Finally, conclusions and future work are

discussed in Section 6.

Problem Definition

In the following, we consider a class of dynamical systems described by means of DAEs,

F(ẋ(t),x(t),y(t),u(t),p)= 0, (1)

wherex(t) ∈ R
nx is the vector of differential state variables at timet ∈ [t0, t f ], y(t) ∈ R

ny is the

vector of algebraic state variables,u(t) ∈ R
nu is the vector of inputs, andp ∈ P is the vector of

time-invariant parameters to be estimated, withP⊂ R
np a compact set.

Throughout this paper it is assumed that the matrix[Fẋ Fy] has full rank; that is the index of the

DAEs is less than or equal to one. Consistent initial conditionsx(t0) = x0, y(t0) = y0 are assumed

to be available. It is also assumed that the inputsu(t) are given.

Let Im ⊆ {1, . . . ,nx} denote the indices of the measured differential state variables1 and let

t1, . . . , tl such thatt0 ≤ t1 < .. . < tℓ = t f denote the measurement times. Letx̃m,i ∈R
nm, i = 1, . . . , ℓ,

be the vector of measurements at timesti, i = 1, . . . , ℓ. The measurements and corresponding model

predictions are arranged in the column vectors

X̃m :=













x̃m,1

...

x̃m,ℓ













∈ R
ℓ·nm, and Xm(p) :=













xm(t1)
...

xm(tℓ)













∈ R
ℓ·nm. (2)

1For simplicity of presentation we assume that only differential state variables are measured.

5



Claas Michalik et al. Incremental Global Parameter Estimation

We consider global weighted least-squares parameter estimation problems of the form

min
p∈P

(X̃m−Xm(p))T W (X̃m−Xm(p)) (3)

s.t. Eq. (1)

pl ≤ p ≤ pu,

whereW is a properly chosen weighting matrix2 andpl andpu are the vectors of lower and upper

parameter bounds, respectively.

The IGPE Method

The IGPE method is based on ideas presented by Brendel et al.24 for the identification of chemical

reaction systems. Brendel et al.24 split the identification task into three steps. In the first step,

the available measurements are used to obtain estimates of the state derivatives, which in turn

provide the so-called reaction fluxes. In the second step, the reaction rates are estimated based on

both the structure of the reaction network and the estimatedreaction fluxes. In the last step, the

model parameters are determined for each reaction taken separately. In the framework of global

optimization this approach has the following appealing features:

1. The dynamic estimation problem is reduced to a number of algebraic estimation problems

by using the time derivatives of the states estimated from the measurements.

2. Because the resulting algebraic problems tend to be decoupled from one another, smaller

parameter subsets are to be estimated in each subproblem as compared to the simultaneous

estimation of all model parameters.

The first feature is thrilling since algebraic parameter estimation problems can be solved to global

optimality at a significantly lower computational cost thantheir dynamic counterparts.27 In par-

ticular, well-established, robust and fast global optimizers for algebraic models are now available.

2We use the identity matrix as the weighting matrix throughout this paper.
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26,28,29The second feature is also crucial as deterministic global optimization methods typically

exhibit exponential complexity in the number of decision variables. Hence, solving a sequence

of estimation tasks, each of which comprises a smaller number of parameters, can be expected to

significantly decrease the overall computational requirement. Last but not least, although Brendel

et al.24 developed the incremental approach for identifying reaction systems, extending these ideas

to general DAE systems poses no conceptual difficulty.

A somewhat similar approach has been presented by Ljung and Glad30 in the context of global

identifiability analysis. They show that a parameter estimation problem for a general ODE model

comprisingn parameters can be broken down (provided it is globally structurally identifiable) into

n algebraic parameter estimation problems, one for each individual parameter. However, deriva-

tives of the inputs and measured outputs up to an arbitrary order have to be calculated in this

approach. In practice, it is almost impossible to obtain reasonable estimates for derivatives of

order three or higher.

Observe that the proposed IGPE method lies in-between the classical, simultaneous approach,

where no differentiation of the measurements is necessary and all model parameters are estimated

simultaneously in one dynamic parameter estimation problem, and the approach by Ljung and

Glad,30 where each parameter can be estimated in a separate algebraic parameter estimation prob-

lem that contains high-order derivatives of the measurements. In the IGPE approach, only first-

order derivatives of the measurements must be estimated andthe dynamic estimation problem is

typically broken down into a small number of algebraic problems, each of which comprises a

reduced set of parameters to be estimated.

The steps of the proposed IGPE method for solving problem (3)are depicted in Figure 1 and

are detailed subsequently.

Step 1 - Estimation of Derivatives

The first step in the IGPE method is to estimate the state time derivatives based on the available

measurements. Estimating time derivatives is an ill-posedproblem in the sense of Hadamard31
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Figure 1: Flowchart of the IGPE method.

and thus requires appropriate regularization strategies.A variety of methods, such as filter32,33

or spline-based34–36 methods, have been proposed for this task. Throughout this paper, we use

boundary corrected cubic smoothing splines, as described by Huang,37 and subsequent differen-

tiation of the smooth spline function to estimate the derivatives. The regularization parameter is

determined using generalized cross validation. A comprehensive introduction to the solution of

ill-posed problems is provided by Hansen38 who also has provided a freely availableMATLAB

toolbox.39 It is important to mention that the estimated derivatives are generally erroneous, no

matter which method is used. The quality of the estimates mainly depends on the quality of the
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available measurement data in terms of their frequency and noise content. However, the examples

treated in this work show that, even when noisy and relatively scarce data are used, good estimates

of the derivatives can be obtained with an adequate regularization strategy.

Subsequently,̇̂xm,i denotes the vector of estimated time derivatives for the measured differential

variables at the measurement timesti , i = 1, . . . , ℓ.

Step 2 - Problem Transformation and Analysis

The objective of the problem transformation is to determinea set of algebraic equations that can be

used in an algebraic parameter estimation problem. This is achieved by first removing those equa-

tions containing time derivatives of non-measured state variables from the model, then discretizing

the remaining equations at the measurement times. There results a set of algebraic equations in the

form:

Fa(ẋm,i,xr,i ,yr,i,ur,i ,pr) = 0, i = 1, . . . , ℓ, (4)

whereFa is a subset of algebraic equations from the original modelF; pr ∈ Pr j P stands for the

subset of parameters present inFa; ẋm,i ∈ R
nm is the vector of time derivatives of the measured

states at timeti; andxr,i ∈ R
nx,r , yr,i ∈ R

ny,r andur,i ∈ R
nu,r are the vectors of the remaining differ-

ential variables, algebraic variables and inputs at timeti, respectively.3 Let us also introduce the

setPd j P for those parameters not present in the reduced set of equations (4).

System analysis starts with the identification of a subset ofequations that is suitable for use

in the subsequent algebraic parameter estimation step (seeSubsection 3.3). In this respect, the

reduced system (4) must be solvable for the state time derivatives ẋm,i , i = 1. . . , ℓ. A prerequisite

to this computation is that the number of unknown variables in (4) must be equal to the number

of equations; in other words, the reduced subsystem (4) mustbewell-constrainedin the sense of

Dulmage and Mendelsohn.40 In the case of an ODE system, for instance, well-constrainedness

imposes that measurements forall the state variablesxr,i present in (4) must be available.

3Since potentially some of the original equations have been removed from the system, the set of differential vari-
ables, algebraic variables, inputs and parameters still present in the system might also be reduced.
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Note that well-constrainedness is a necessary, yet not sufficient, condition for solvability of a

set of algebraic equations. Nevertheless, testing a nonlinear system of equations for solvability

(and verifying the uniqueness of its solution) is a very complex task that is beyond the scope of

this work; see, e.g. Dulmage and Mendelsohn40 or Borisevich et al.41 for more details on this

topic. In the remainder of the paper, a reduced subsystemFa is calledsuitableprovided that it is

well-constrained.

If the naturally arising systemFa, that is, the set of algebraic equations obtained by discretiz-

ing the original model according to the measurement grid andremoving the equations containing

derivatives of unmeasured states does not form a suitable subsystem, a suitable subsystem can

generally be obtained by further removing equations fromFa. To this end, no algorithmic pro-

cedure for automatically obtaining a suitable subsystem isavailable. Therefore, this step has to

be performed manually by a modelling expert. In addition, different suitable subsystems might

be obtained depending on which and how many equations are removed fromFa. Hence, various

choices of suitable subsystems (potentially containing different sets of parameters) will generally

be possible. Again, no algorithmic procedure for the optimal choice of a suitable subsystem can be

given here. The situation is comparable to modelling itself, where the same physical system can

modelled in various ways and only vague guidelines are available on how to build agoodmodel.

Some general guidelines for the selection of an appropriatesuitable subsystem are discussed in

Section 3.6.

Step 3 - Global Algebraic Parameter Estimation

Having identified a suitable subsystem in the previous step it is possible to post a least-squares

problem minimizing the difference between the predicted and estimated time derivatives. Because

the independent variables of this parameter estimation problem also contain the original measure-

ments, which are corrupted by noise, an error-in-variablesapproach could be applied. Neverthe-

less, the errors in the estimated state time derivatives areexpected to be significantly larger than the

errors in the measured states, so a least squares approach can also be applied, here.24 This latter
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approach leads to the parameter estimation problem

min
pr∈Pr

( ˆ̇Xm− Ẋm(pr))
T W ( ˆ̇Xm− Ẋm(pr)) (5)

s.t. Eq. (4)

pr,l ≤ pr ≤ pr,u

whereẊm and ˆ̇Xm are column vectors containing the predicted and estimated state time deriva-

tives, respectively, analogous to (2);pr,l andpr,u are the vectors of lower and upper bounds onpr ,

respectively.

If the estimation problem (5) is nonlinear in the parametersit can be solved using any code for

the global optimization of algebraic models. If (5) is linear in the parameters, the problem can be

solved non iteratively to global optimality. In this work, the codeBARON29 is used to solve the

nonlinear algebraic global parameter estimation problemsandSNOPT42 is used withinBARON

as nonlinear optimization routine. Note thatBARON is freely available via the NEOS server for

optimization4. All computations presented in this paper have been performed on a Intel Core Duo

computer with 2.13 GHz with 2 GB RAM, running Windows XP.

Step 4 - Dynamic Complement

This step consists in estimating the remaining parameters,i.e., those parameters which could not be

estimated from any of the suitable subsystems. The solutionof the so-called dynamic complement

problem employs a global dynamic parameter estimation method, and is only necessary ifPr 6= P.

However, the computational load is significantly reduced incomparison to the full simultaneous

global parameter estimation, since the dynamic complementproblem typically contains a reduced

set of unknown parameters or can often be skipped completely.

4http://www-neos.mcs.anl.gov
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Step 5 - Simultaneous Correction

This last step is the same as the simultaneous correction step in the incremental identification

procedure by Brendel et al.24 It consists in estimating all the parameters simultaneously by using

a local dynamic optimization solver, wherein the parameter estimates obtained incrementally are

used as the initial guess. Unlike incremental parameter estimates, which are inevitably biased due

to error propagation from the estimated state derivatives,the simultaneous parameter estimates

determined in this step are statistically optimal.

Discussion

Several remarks on the IGPE algorithm are in order:

• The algorithm as depicted in Figure 1 contains a loop. This loop refers to the option to solve

a sequence of parameter estimation problems in step 3, i.e.,when several suitable subsys-

tems are present. In this case, each subproblem comprises fewer parameters than the original

simultaneous estimation problem. The advantage of such a decomposition lies in the signif-

icant reduction in computational load which typically is obtained when the estimation is

performed in a reduced search space. On the other hand, however, only part of the available

structural information and measurement data is used in eachsubproblem, so the parameter

estimates can end-up being less accurate. Overall, the decision about which subsystem to

choose generally results from a tradeoff between accuracy and computational time. As a

general guideline, it is advisable to choose the largest estimation problem that can be solved

within an acceptable amount of time.

• Obviously, the quality of the estimated derivatives strongly depends on the quality and time

resolution of the measurement data. If the data are too scarce or noisy, the estimated deriva-

tives will be highly erroneous. The errors in the estimated derivatives will then propagate

to the parameter estimates obtained in step 3. The question therefore arises whether (and
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under which circumstances) the solution of the IGPE method is identical to the solution ob-

tained using simultaneous global parameter estimation, which suffers from erroneous and

low resolution measurement data in a different way.

Let popt denote the statistically sound parameter estimates as obtained from simultaneous

global parameter estimation, and letpIGPE,4 andpIGPE,5 denote the parameter estimates ob-

tained after steps 4 and 5 of the proposed incremental approach. Provided that the global

estimatespopt are unique and that sufficiently rich data are available to obtain good esti-

mates of the state time derivatives,pIGPE,4 is generally in the neighborhood ofpopt. In

turn, this allows local simultaneous correction in step 5 ofthe IGPE approach to converge

to the globally optimal parameter estimates,pIGPE,5 = popt. Nevertheless, conditions on the

measurement data under whichpIGPE,4 would end up sufficiently close topopt are presently

unavailable.

Therefore, the IGPE algorithm can be seen as apseudo-deterministic global optimization

algorithm, in the sense that deterministic global optimization is used, but no guarantee can

be given that the global optimum is obtained. Our experiencewith IGPE, however, is that

the likelihood of finding the global optimum is excellent in case of high quality measure-

ments and still reasonably good in case of relatively scarceand noisy data (see case studies

in Sections 4 and 5).

• It is important to mention that situations may arise where Step 3 of the IGPE procedure

cannot be applied, in which case the IGPE proccdure reduces to a simultaneous dynamic

estimation problem (see Figure 1). This is typically the case when very few state variables

are measured, which precludes the formulation of suitable subsystems. In contrast, a simul-

taneous dynamic parameter estimation problem can be formulated (and solved) as soon as a

single data point is available.
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To illustrate these important considerations, consider the simple reaction system:

x1+x2 → x3

x4 +x5 → x6.

for which a model is given by:

ẋ1 = −k1x1x2 (6)

ẋ2 = −k1x1x2 (7)

ẋ3 = k1x1x2 (8)

ẋ4 = −k2x4x5 (9)

ẋ5 = −k2x4x5 (10)

ẋ6 = k2x4x5, (11)

and consider the problem of estimating bothk1 andk2 based on the measurements ofx1

only. Clearly, this available measurements do not contain any information on the second re-

action since the two reactions are independent, and it is therefore inadequate for estimating

k2. However, this deficiency cannot be detected when followinga simultaneous estimation

approach, which then results in an arbitrary value fork2. On the other hand, no suitable

subsystem can be isolated for estimating the value ofk2 when using IGPE, which is reason-

able. Accordingly, the search for suitable subsystems in the IGPE approach can help reveal

situations where part of the parameters are not structurally identifiable. Though one must be

aware that situations also exist where suitable subsystemscannot be found, yet simultaneous

estimation methods produce unique estimates for all the parameters. Hence, one cannot con-

clude that certain parameters are structurally unidentifiable based on the lack of a suitable

subsystem for the estimation of these parameters. However,such a situation generally in-

dicates that the available measurement data are inadequatefor the considered identification

14
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task.

Detailed Case Study

To demonstrate the IGPE approach, the case study of a DAE model identification is considered

next. This test problem is new and, to the authors’ best knowledge, has not yet been solved using

global parameter estimation techniques. The DAE model describes a reaction system and is due to

Bauer et al.43 We reproduce the model in a slightly modified form:

ṅA = V (−r1− r2−3r4)+ fA, nA(t = 0) = nA0,

ṅB = −V r1+ fB, nB(t = 0) = nB0,

ṅC = V (r1− r2 + r3), nC(t = 0) = nC0,

0 = nA+nC +2nD +3nE − (nA0 +nC0 +2nD0 +3nE0 + fA(t− t0)),

0 = nB+nC +nD − (nB0 +nC0 +nD0 + fB(t− t0)),

V = nA
MA

ρA
+nB

MB

ρB
+nC

MC

ρC
+nD

MD

ρD
+nE

ME

ρE
+nS

MS

ρS
,

k1 = kre f,1 e(−Ea1/R)(1/T−1/Tre f ),

k2 = kre f,2 e(−Ea2/R)(1/T−1/Tre f ),

k3 = k2/kc,

k4 = kre f,4 e(−Ea4/R)(1/T−1/Tre f ),

kc = kc,2 e(−dh2/R)(1/T−1/Tre f ),

r1 = k1
nA nB

V2 ,

r2 = k2
nA nC

V2 ,

r3 = k3
nD

V
,

r4 = k4
n2

A

V2 .
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Here,A,B,C,D andE are the chemical species present andSis the solvent,nc, nc0, ρc andMc, with

c∈{A,B,C,D,E,S}, are the numbers of moles present in the system, the numbers of moles initially

present, the density and the molecular weight ofc, respectively.r i, i = 1, . . . ,4 is the reaction rate

of the i-th reaction,fc f ,c f ∈ {A,B} is the constant molar feed ofc f , R is the gas constant,T is

the time varying temperature,Tre f is the reference temperature of 363.16 K, andV is the reaction

volume. The 8 parameters that need to be estimated are the steric factorskre f,i , i = 1,2,4, the

equilibrium constantkc,2, the activation energiesEai , i = 1,2,4 and the reaction enthalpydh2. We

refer to the original work by Bauer et al.43 for more details on the reaction system and the model.

Measurements are generated by simulating four different, optimally planned experiments5 and

adding white noise with a standard deviation of 0.5%. The degrees of freedom for the experimental

design are given in Table 1 and the parameter values used for the simulations are given in Table 2.

We assume that for each experiment, 40 equally distributed measurements of the concentrations of

A,B andC and of the volume (V) are available. Thus the molar amountsnA,nB andnC can directly

be calculated. For the global parameter estimation task, weuse the parameter bounds as given in

Table 2.

Table 1: Degrees of freedom for the optimal experimental design

variable type
nc0,c = {A,B,C,D,E} initial condition

fc,c = {A,B} constant input
T time-variant input

Table 2: Bounds and true values for the parameter estimationtask.

parameter kre f,1 kre f,2 kre f,4 kc,2 Ea1 Ea2 Ea4 dh2

value 2.5 50 0.8 120 42000 45000 57000 32000
lower bound 0 0 0 20 10000 10000 10000 10000
upper bound 100 100 100 200 100000 100000 100000 100000

5The experimental conditions are determined based on a D-Optimal design44
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Step 1 - Estimation of Derivatives

In the first step, we obtain a smooth approximation of the measurement data and the estimated

derivatives as outlined above. Note that we provide the Matlab routines used to estimate the deriva-

tives along with the measurement data online. The link can befound in the supporting information

section.
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Step 2 - Problem Transformation and Analysis

For this case study, the discretized model is given by:

ṅA,i = Vi (−r1,i − r2,i −3r4,i)+ fA, (12)

ṅB,i = −Vi r1,i + fB, (13)

ṅC,i = Vi (r1,i − r2,i + r3,i), (14)

0 = nA,i +nC,i +2nD,i +3nE,i − (nA0 +nC0 +2nD0 +3nE0 + fA (t − t0)), (15)

0 = nB,i +nC,i +nD,i − (nB0 +nC0 +nD0 + fB (t − t0)), (16)

Vi = nA,i
MA

ρA
+nB,i

MB

ρB
+nC,i

MC

ρC
+nD,i

MD

ρD
+nE,i

ME

ρE
+nS,i

MS

ρS
, (17)

k1,i = kre f,1 e(−Ea1/R)(1/Ti−1/Tre f ), (18)

k2,i = kre f,2 e(−Ea2/R)(1/Ti−1/Tre f ), (19)

k3,i = k2,i/kc,i, (20)

k4,i = kre f,4 e(−Ea4/R)(1/Ti−1/Tre f ), (21)

kc,i = kc,2 e(−dh2/R)(1/Ti−1/Tre f ), (22)

r1,i = k1,i
nA,i nB,i

V2
i

, (23)

r2,i = k2,i
nA,i nC,i

V2
i

, (24)

r3,i = k3,i
nD,i

Vi
, (25)

r4,i = k4,i
n2

A,i

V2
i

, (26)

with i = 1, . . . ,40. Generally, the first step is to remove any equations containing the derivatives of

non-measured species. In this case, no such equation exists. The model contains 15×40= 600

equations, 15×40= 600 unknown variables ( ˙nA,i, ṅB,i, ṅC,i, nD,i, nE,i, nS,i , k1,i , k2,i , k3,i , k4,i ,kc,i ,

r1,i , r2,i , r3,i , r4,i), 14 known parameters (ρA, ρB, ρC, ρD, ρE, ρS, MA, MB, MC, MD, ME, MS, Tre f ,

R), 5 known initial conditions (nA0, nB0, nC0, nD0, nE0), 2 known time invariant inputs (fA, fB),
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1 known time variant input (T) and 8 parameters which are to be estimated but assumed known

(assigned) for the identifiability test. Hence this model forms a suitable subsystem and can be used

in the IGPE approach.

Note that in this case, a decomposition of the problem would also be possible. The identifica-

tion task can be split up into first solving for the parameterskre f,1 andEa1 using the subsystem

consisting of Eqs. (13),(18) and (23) and then solving for the remaining six parameters using the

complete model as given in Eqs. (12) - (26) but consideringkre f,1 andEa1 known.

Step 3 - Global Parameter Estimation

The resulting algebraic parameter estimation task is to minimize the squared residuals between the

estimated state derivatives (ˆ̇nA,i, ˆ̇nB,i, ˆ̇nC,i) and those predicted by the algebraic model (12)-(26).

This parameter estimation task could be solved usingBARON in approximately 92 seconds on an

Intel Core Duo 2,13 Ghz computer running windows XP; the results are reported in Table 3 as

pIGPE,3.

Table 3: Optimal parameter estimates after step 3 and step 5.

parameter kre f ,1 kre f ,2 kre f ,4 kc,2 Ea1 Ea2 Ea4 dh2

pIGPE,3 2.566 49.890 0.799 120.728 42383.595 44986.27 56930.189 31899.157

pIGPE,5 2.503 50.09 0.7995 120.3 42000 45010 56970 31970

The results obtained with a decomposition of the estimationproblem into two suitable subsys-

tems, as discussed in the previous subsection, are very similar to those given in Table 3. However,

such a decomposition was not found to provide a significant reduction in CPU time here.

Step 4 - Dynamic Complement

Since all parameters could be estimated in step 3, step 4 can be skipped here.
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Step 5 - Simultaneous Correction

Solving the original dynamic parameter estimation problem(3) with the local dynamic optimiza-

tion method implemented ingPROMS, from the values obtained in step 3 as initial guess, takes

approximately 19 second and yields the correct global solution; these values are reported aspIGPE,5

in Table 3.

Conclusions

The detailed case study shows that high quality estimates ofthe globally optimal parameters can

be obtained in step 3, if sufficient care is taken in the previous steps. Overall the global optimum

could be obtained for this 8 parameter DAE example in only 111seconds CPU-time. Since the

performance of the method cannot be judged based on only one example, we consider six well

known test cases from the literature in the following section.

Test Problems from the Literature

To allow fair comparisons between the IGPE method and simultaneous global dynamic parameter

estimation, all six test problems from Floudas45 have been solved, in addition to the DAE test

problem treated previously (this latter problem is referred to as test problem 7 subsequently). Such

test problems have been (completely or partly) studied by different authors — see for instance the

works by Esposito and Floudas,17 Lin and Stadtherr46 or Papamichail and Adjiman.18,47 Their

formulations are summarized subsequently:
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Test problem 1:

ẋ1 = −p1x1

ẋ2 = p1x1− p2x2

x(0) = (1,0)T

0≤ p ≤ 10

Test problem 2:

ẋ1 = −p1x1 + p2x2

ẋ2 = p1x1− (p2 + p3)x2+ p4x3

ẋ3 = −p4x3 + p3x2

x(0) = (1,0,0)T

(0,0,10,10)T ≤ p ≤ (10,10,50,50)T,

Test problem 3:

ẋ1 = −(p1 + p3)x
2
1

ẋ2 = p1x2
1− p2x2

x(0) = (1,0)T

0≤ p ≤ 20

Test problem 4:

ẋ = p1(126.2−x)(91.9−x)2− p2x2

x(0) = 0

0≤ p ≤ 0.1

Test problem 5:

ẋ1 = x1

(

−2p1+
p1x2

(p2 + p5)x1+x2
− p3− p4

)

ẋ2 =
p1x1(p2x1−x2)

(p2 + p5)x1+x2
+ p3x1

ẋ3 =
p1x1(x2+ p5x1)

(p2 + p5)x1+x2
+ p4x1

x(0) = (1,0,0)T

0≤ p ≤ 100

Test problem 6:

ẋ1 = p1x1(1−x2)

ẋ2 = p2x2(x1−1)

x(0) = (1.2,1.1)T,

0≤ p ≤ 10
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The corresponding measurement data and model files are available online, the link can be found in

the supporting information section.

It should be noted that most of these problems are not particularly well suited for application

of the IGPE method, since the measurement data are rather scarce. The IGPE method clearly

works better with high resolution measurement data, stemming for instance from spectroscopic

measurement devices. Mention should also be made that the resulting algebraic parameter estima-

tion problems are linear in the parameters in test problems 1, 2, 3, 4 and 6, while they are nonlinear

in test problem 5 and 7.

Discussion

The results and computational times obtained using the novel IGPE method are summarized in

Table 4; in the first row the test problem number is given. The second row shows the relative

difference of the parameter estimates available after step4 of the IGPE approach and the global

optimum. The third row indicates whether or not the global optimum has been obtained in the last

step, the simultaneous correction, while the last row givesthe computational times. For test cases

5 and 7,BARON has been used to solve the global algebraic parameter estimation problem. The

algebraic parameter estimations of the remaining test problems could be solved non-iteratively

due to the linear nature of the resulting subproblems. For all test problems, gPROMS has been

used for step 5, the simultaneous correction. It is seen thatthe proposed method works well for a

set of standard test problems from the literature. The method could directly be applied to all six

test problems from Floudas45 and could also be used to solve one exemplary DAE test problem

comprising eight parameters. Although the problems are notespecially well suited for the method,

because the available data are generally rather scarce and in part corrupted by noise (test problems

3-7), the estimates obtained after step 4 of the IGPE approach show on average a bias of only 8%

and a maximum bias of 32.52%. The global optimum is obtained for 6 out of the 7 test cases.

The problem of not converging to a global minimizer in test problem 6 can be explained by
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Table 4: Summary of the results and computational times for the 7 test problems considered using
the IGPE method.

problem no. 1 2 3 4 5 6 7
No. of equations 2 3 2 1 3 2 15
No of parameters 2 3 2 1 5 2 8
relative mean difference
betweenpIGPE,4 0.38% 1.80% 15.40% 1.77% 4.04 % 32.52% 0.57%
and the global optimum
pIGPE,5 = popt yes yes yes yes yes no yes
CPU-time [sec.] < 1 <1 <1 <1 ≈ 350 < 1 ≈ 110

means of Figure 2, which shows the trajectory calculated using the globally optimal parameter

values, the provided measurement data and the smoothing splines approximation of the data. It

is apparent that the data are too scarce to reflect the dynamics of the system. This results in low

quality estimates for the time derivatives. In addition, Esposito and Floudas17 showed that this

problem comprises a large number of local minima relativelyclose to one another. Therefore,

even slight deviations from the globally optimal solution can lead to convergence to a false, local

optimum in the simultaneous correction step.

0 2 4 6 8 10
0.6

0.8

1

1.2

1.4

1.6

time

x 1

 

 

Measurements
Smoothing spline
Optimal trajectory

Figure 2: Measurements, optimal trajectory and smoothing splines approximation for test problem
6.

The computational times reported in Table 4 clearly validate that one of the major advantages

of using IGPE lies in its computational efficiency. To the best knowledge of the authors, the IGPE
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method solves the considered test problems at least one order of magnitude faster, and on average

two to three orders of magnitude faster, than any other deterministic global optimization method.

Hence, this method allows solution of deterministic globalparameter estimation for reasonably-

sized dynamic models comprising a large number of parameters. Thus far, such problems could

only be tackled using stochastic optimization approaches.

The IGPE method also has a number of limitations. First and foremost, no guarantee that a

global optimum is found can be given. As seen in test problem 6, the use of low quality and scarce

measurement data to solve a problem having many local minimamay result in the global optimum

being missed. Therefore, the method is best suited for the identification of complex dynamic

systems based on large sets of high resolution measurement data. Besides having high quality

measurements, it is also advantageous to measure a large fraction of the state variables (all state

variables ideally), since the number of suitable subsystems, and thus the potential to decompose

the estimation task, becomes larger as more state derivatives can be estimated. This way, the

computational efficiency also increases with the number of state measurements. Test problem 7

shows that high-resolution, low-noise data result in high-quality parameter estimates.

Overall, one can conclude that the benefit of using the proposed IGPE method strongly depends

on the available measurement data. The treated case study demonstrate that the IGPE approach

offers much potential to significantly decrease the computational effort. Nevertheless, situations

may also arise where a classical simultaneous approach is more favorable or where IGPE cannot

be applied in contrast to classical approaches.

In future work the IGPE method will be further refined so as to alleviate the issue of not finding

a global optimum for the original simultaneous estimation problem. One idea would be to not only

solve step 3 to global optimality, but also retain a number oflocal optima whose solution values

are close enough to the global solution value. These solutions could then be used as various initial

guesses in the simultaneous correction step. The occurrence of multiple local solutions that are

close in solution value to one another is also interesting from a model development perspective.

This information would indeed indicate that the confidence in the parameter values might be low,
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even though a confidence analysis at the global optimal solution had not revealed it. In this case

either more data or a lessRef. 1 is empty in the pdf file. Don’t know why... complex model

structure should be considered.

It would also be interested to use bootstrapping methods48,49 for estimating the error on the

estimated derivatives. In turn, these error estimates could be used to decide on the number of local

optima that are to be retained in step 3. This way the probability of obtaining a global optimum

could be estimated. Furthermore, knowledge about the errors in the estimated derivatives could be

used to solve a weighted, as opposed to a non-weighted, least-squares problem in step 3 of IGPE.

Finally, in its current form, IGPE requires the user to identify suitable subsystems and decide

on which one(s) to use. To this end, an algorithmic procedurethat automatically determines all or

a subset of the most promising suitable subsystems is highlydesirable and will be in the focus of

future research.
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